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Stability of Ground Effect Machines
DAVID I. G. JONES* AND MARGARET BLAKE f

Vickers-Armstrongs (South Marstori) Ltd., Swindon, England

A theory of the behavior of three-dimensional peripheral jet ground effect machines (OEM's)
in pitch and roll is presented. The physical basis of the theory is the satisfaction of con-
tinuity of mass flow through the cushion of high-pressure air supporting the craft, and gener-
ated by the peripheral jets. Detailed calculations have been carried out for a rectangular
craft with a length-to-breadth ratio of two. Comparisons with experimental data are encour-
aging, although none of the experimental craft were of identical geometry. The assumptions
on which the theory is based are discussed, and a need is shown for fundamental experimental
work on the behavior of jets.
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Nomenclature

= aspect ratio (length/breadth for pitch)
= fraction of mass flow to enter cushion

splitting peripheral jet element
from

+

/(£) = Appendix A and text
gr(£) = Appendix A and text

= mi/Sit(PH)llz(= Gi+
= positive part of Gi
= negative part of Gi
= hoverheight at reference point (also hoverheight

in general)
h(r)i) = hoverheight at station 77;
he(r)i) = effective hover height at station 77; (theory)
H = total head of jets at nozzle exits
i = suffix referring to compartment (i — 1 for com-

partment tilted towards ground)
I = I xidrn (theory)

J+, I- = positive and negative parts of /, respectively
k = factor describing loss of velocity of jets due to

splitting (Appendix B)
L = lift (also suffix referring to longitudinal direction)
li = length of longitudinal stability jet in Oh compart-

ment (Fig. 1)
IT = length of transverse stability jet
I = length of craft cushion
M = nose-up restoring couple
m = mass flow rate in general
mi = net mass flow leaving iih compartment under

peripheral jets
mpi = net mass flow out of peripheral nozzle of Oh com-

partment
msi = mass flow through longitudinal stability nozzle in

Oh compartment.
ms3 = net mass flow through transverse stability nozzle
mssi = fraction of mass flow from transverse stability jet

which enters iih compartment
N = percentage shift of center of pressure, based on

length of cushion I
p = cushion pressure in general (also suffix to denote

periphery)
Pi = cushion pressure in Oh compartment
Si = length of peripheral nozzle in Oh compartment
S = nozzle length in general
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= peripheral jet thickness at reference point
rji = 0 (also jet thickness in general)

= peripheral nozzle thickness at station 77;
= thickness of transverse stability nozzle
= thickness of longitudinal stability nozzle
= suffix referring to transverse
= velocity in peripheral jet nozzle (also

velocity in general)
== velocity of air leaving cushion under pe-

ripheral jet at station 77i
= mean velocity of crossflow in cushion
= velocity of air in stability nozzles
= velocity of air in compartment © prior to

underfeeding transverse stability jet
(Fig. 6)

= velocity of air underfeeding transverse
stability jet (Fig. 6)

= h/t(l + costf)
= h(rji)/t(l + COS0)
= distance around periphery from reference

point
= angle of pitch (or roll) in degrees
= maximum angle of pitch or roll (2h/l rad

for pitch)
= nondimensional mass flow parameter
= underfeed height for transverse stability

jet
= underfeed height for peripheral jet at

station 77;
= head rise across fan(s)
= mass flow leaving cushion under element

2/» of peripheral jet at station 77;
= mass flow through element dy* of peripheral

nozzle at station 77;
= crossflow
= Yi/Si fractional distance around pe-

riphery of Oh compartment
= peripheral jet angle relative to horizontal

on low pressure side of jet
= factor describing loss of momentum in

crossflow (Eq. 4)
= kinematic viscosity of air
= effective value of x for transverse stability

jet
= effective value of x for peripheral jet in iih

compartment
= density of air
= N/a, pitch or roll stiffness based on

length I expressed as a percentage shift
of the center of pressure per degree of
pitch

= Eq. (11)

*(&) = Eq. (20)
balanced operation = jet condition for which there is no net

mass flow into or out of the cushion
compartmentation = division of the cushion by introducing

stability jets along the base of the craft
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cushion = volume of relatively high-pressure air
supporting the craft and generated by
the peripheral jets

hovel-height = vertical distance from nozzle exit to
ground

longitudinal = the major axis of the craft
overfeed = jet condition where air enters the cushion

by virtue of the peripheral jet splitting
St.. George = arrangement whereby the stability jets lie

along the major axis and normal to the
major axis of the craft (see Fig. 1)

St. Andrew = arrangement whereby the stability jets lie
along the diagonals of the craft base

transverse = normal to major axis of craft-
underfeed = jet condition whereby air leaves the

cushion by flowing under the peripheral
jet

underfeed height = vertical distance by which peripheral jet is
raised from the ground by air flowing
under it

Introduction

IT is well known1"5 that GEM supported only by a jet
around the periphery will be either unstable, or only

slightly stable, in pitch and roll displacement. In order to
ensure adequate stability, it has been the practice in the
United Kingdom in recent years to introduce cushion corn-
par tmentation in the form of additional, vertically discharg-
ing, jets in the base of the craft. The stability jets are capable
of sustaining a pressure differential, and it is found that, if the
craft is now tilted, the static pressure will rise in those com-
partments approaching the ground, whereas that in the op-
oposite compartments will fall. This gives rise to a restoring
couple. Experience has shown that the thickness of the
stability jets must be about the same as that of the peripheral
jets for the1 stability to be adequate. Other methods of
stabilization have also been reported, as for instance in
Ref. 6.

The problem of calculating the pitch or roll stiffness of a
three-dimensional craft has given investigators some dif-
ficulty, although progress has been made in the two-dimen-
sional case.1-7'8 Difficulty has arisen also over the interpreta-
tion and reduction of the limited amount of experimental
data available.

The present report describes a theoretical method of ob-
taining the stiffness of any peripheral jet GEM. Basically,
the procedure adopted is to obtain expressions for the mass
flows entering and leaving each compartment and then to use
the condition of continuity of mass flowr as the basis of an
iteration procedure. The theory indicates a way in which
experimental data can be reduced for any given craft shape.
The agreement between theory and experiment, both for
models and full scale craft with a St. George stability arrange-
ment, is encouraging.

It was felt that no assessment of the effects of cushion
vortices could be made without greatly complicating the
analysis and obscuring the main features. However, some
recent investigations of cushion vortices are of interest, and
these are described in Refs. 9 and 10.

Theory of Pitch Stability

Consider any three-dimensional GEM with a peripheral jet
represented by the curve ABCDA of Fig. 1. Air flows through

H*— a x i s of p i t c h

Fig. 1 Plan view of
craft base. m a j o r -

b ) O v e r f e e d

Fig. 2. Section of peripheral jet (XX in Fig. 1).

this nozzle, inclined at some angle 6 to the outward horizontal
as in Fig. 2, and maintains the cushion pressure under the
craft. In the St. George stability arrangement, compart-
mentation is provided by means of additional vertically dis-
charging jets represented by the lines BD and AC in Fig. 1.
The four compartments so produced can all be at different
static pressures but, in the case of pitch displacement alone,
the two front compartments are at single pressure pi and are
lumped into a single compartment ©5 in the present analysis;
a similar convention is adopted for the rear compartments.
Air for the jets must be provided by means of a suitable fan
engine combination. This will supply a total head rise dPI
across the fan(s), but losses in the ducting will ensure that
the total head of the air, by the time it emerges from the
nozzles, will be some lower figure PL It is assumed that the
losses are uniform so that H is a constant everywhere. This
will be approximately true for well made ducts. In the present
stability analysis H need not be known but would have to be
known for a more general performance calculation as a func-
tion of the total mass flow through the system. A detailed
knowledge of engines, fans, and losses in the system then
would be required.

If the craft shown in Fig. 1 is tilted now nose down, the
static pressure pL in the front compartment will rise, whereas
the pressure p2 in the rear compartment will fall. The pressure
differential therefore causes a couple that opposes the dis-
placement. It is the purpose of this investigation to calculate
the restoring couple and to express it in a nondimensional form
for comparison with experiment.

It is assumed that the pressure pi in the ith compartment
(i = 1, 2) is constant everywhere, and that vortices in each
compartment have a negligible effect. This implies that pi/H
must be constant in each compartment. It is observed in
Appendix A that, for a balanced jet, Pi/H depends sig-
nificantly on a quantity x alone, where x = h/t(l -j- cos$), h
is the novel-height, t is the jet thickness, and 6 is the angle be-
tween the jet and the horizontal. For the unbalanced jet
therefore we may define a quantity & such that & is the effec-
tive value of x in the ith compartment, i.e. that value of x for
which a balanced jet would have the same value of pi/H.
On this basis, the equations of Appendix A give

8m(rfi)/t(rji)Sidrji(pH)1/z = g(%i) (2)

where & = he(rji)/t(r)i)(l + cos#) at any station rji of the
periphery. The quantity he(rji) is the effective height of the
jet at station rji and is yet to be determined; dm(rji) is the
mass flow out of the elementary peripheral nozzle of length
dyi at station rji. If we let mpt be the total mass flow out of
the peripheral nozzle in the ith compartment and integrate
Eq. (2) with respect to rji, we obtain

(3)
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2 .0 using Eq. (4). In Eq. (5), the velocity V0 is given by

' =» " ° - 5 o O To T5
R a t i o o f e f f e c t i v e a n d a c t u a l h o v e r h e i g h t p a r a m e t e r s ^ j / x

Fig. 3. Graphs of Gi/x(\ -f costf) against &/#.

where Z is the jet thickness at any reference point, for example
the point 77; = 0 (point B in Fig. 1).

Now, when the craft is tilted nose down, part of the front
peripheral jet will approach the ground, whereas the rear of
the craft will be raised. This means that, in effect, a large gap
will appear under the rear peripheral jet, and this will have
to be filled up by air from the front compartment. Some of
this additional air, therefore, may have to be made up by
part of the front peripheral jet operating in the splitting or
overfeeding state. Two regimes of jet operation therefore
will occur. We shall examine each of these in turn.

Analysis of Underfeeding Jet

Any air entering the ith compartment (for example, from
stability jets and/or splitting parts of the peripheral jets)
must leave the cushion by underfeeding at least part of the
peripheral jet. Consider a section of nozzle of length dy* at
station rji as in Fig. 2. It is assumed, as stated earlier, that
vortices in the compartments will be ignored, so that the air
will lose little of its momentum in crossing the cushion.
Therefore, with comparatively little error, we may assume
that

dmcVc = (4)

where Vs is the velocity with which the crossflow air enters the
cushion; Vs is taken to be close to the velocity of the air
through the stability nozzles; JJL is a factor describing the loss
of momentum and will be close to unity; and dnii is the mass
flow under section 5yi of the peripheral jet at station 771-. Now
we apply Newton's Second Law to the flow from 0 to © in
Fig. 2, so that

- dmcV

(5)
+0.2

+0.5

-0.5

Ratio of effective and actual hoverheight parameters

(6)

where dhfa) is the underfeed height, i.e. the amount by which
the peripheral jet is raised from the ground by the underfeed-
ing air. The velocity Vs is obtained by applying Bernoulli's
equation to the flow through the stability nozzles. Therefore,
approximately,

H = Pi + ?pV*2 •'• V» ^ [2(# ~ Pi)/p]l/2 (7)
Now we write ft = mi/Sit(pH)lf*, where ra* is the total
amount of air leaving the iih compartment by way of the
periphery in unit time. Then, clearly, 6ft = 5mi/Sit(pH)l/z.
Putting Eq. (6) into Eq. (5) and using Eq. (7), we now have

Taking the limit as drji
put Eq. (8) in the form

0 and substituting for ft, we then

, dh(rji) t 5ft
(9)

Equation (9) may be rearranged as an equation for h(i}i~)/t(-qi)
and solved to give

(10)

(H)(2 - M2

The function $(&) is drawn out readily. The effect of /x is
found to be comparatively small, and /* will be taken as unity
in the calculations. It is seen also from Fig. 2 that

(12)

(13)

so that substituting Eq. (1) into Eq. (12) gives

&(1 + cos6>) = h

[ajfeO/« ~ bWxt] (14)

where x = h/t(l + cosfl), x(rn) = h(rn)/t(l + cos#), and h is
the hoverheight at station 77; = 0. Equation (14) may now be
integrated with respect to 77 » to give

where the integral gives only the positive part of Gi and must
be taken over only the positive values of %; where

Fig. 4 Graphs of Gi/x(l + cos0) against &/

The procedure adopted previously is not the only way of
calculating <!>(£»). If, for example, Bernoulli's theorem had
been applied to the flow between points © and © in Fig. 2,
instead of Newton's Second Law, and all the previous assump-
tions had been retained apart from the additional neglect of
loss of total head in the crossflow, then the value of <£(£;)
would have been 21/2 for all £*. This is not markedly different
from the values given by Eq. (11) for p, close to unity. No
experimental data are known to be available to compare with,
unfortunately. However, examination of the graphs of
Gi/x(\ + cos#) against &/X in Figs. 3 and 4 shows that there
is little likelihood of these differences in $(£*) being reflected
as measurable changes m the theoretical curve of pitch stiff-
ness against x to be obtained presently.
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Analysis of Overfeeding Jet

Equation (15) represents the fraction of (?* that leaves the
cushion by underfeeding part of the peripheral jet. The
net flow out of the cushion may be less than (?i_|_, however,
since a certain amount of air may enter the compartments be-
cause of the splitting of part of the peripheral jet. The
equation of a splitting jet; derived in Appendix B and given
by Eq. (B4), may be written

where £* is defined in Eq. (1). The net inflow <5mt- therefore
is given by

„,. = - - (i +

using Eqs. (2) and (16).
and the limit taken as 6qi

^ ?] X

Equation (17) may be rearranged
-> 0 to give

Equation (18) may be integrated with respect to 77; to give the
negative part of G<:

where

The integral in Eq. (19) is to be taken over only the ncga-
tive values of x*. The algebraic sum of Eqs. (15) and (19)
gives the net value of G*, i.e.,

where 7+ and 7_ are the positive and negative parts, respec-
tively, of the integral

7 = (22)

For any particular craft geometry, J+ and 7_ may be
evaluated numerically as functions of z and &. Values of 7+
and 7_ are given in Fig. 5 for a rectangular geometry of aspect
ratio A = 2. It will be noted that 7+(&/z, + X) = -J_(2
-&/z, - X), and that 7_(&/3, + X) = -J+(2 - &/z,
— X). These simple relationships may easily be proved
geometrically by plotting x* against 77*. Figure 5 illustrates
the point. It remains to consider the equations of the stabil-
ity jets. Many types of stability arrangement may be
studied, but only the St. George configuration will be dealt
with in the present analysis.

St. George Stability Arrangement

Consider first the transverse stability jet. Let m«a be the
mass flow through the transverse stability nozzle, and let m«3i
and m«32 be the mass flows in the branches of this jet entering
the front and rear compartments, respectively. For the nose-
down case pi > pz, the equations of Appendix A give

- /a)/d - /;) - AS) (23)
(24)

where ^ is the effective value of a; for this particular jet.
Note that pz takes the place of atmospheric pressure as
datum in this case. If ^ > A/Zr, the transverse stability jet
will be splitting and the equations of Appendix B will be
applicable, i.e.,

since the angle of the jet is 90°. If, on the other hand, ^ <
A./2?', the transverse stability jet will operate in the under-

0 0.4 0.8 1.2 1.6 2.0
Rat io o f e f f e c t i v e and ac tua l hoverhe igh t p a r a m e t e r s ^ / x

Fig. 5 Graphs of f+ against ^;/a.

feeding state, and the underfeed height by which it is raised
from the ground is given by

as illustrated in Fig. 6.
If — m,,3i is the mass 60w under the transverse stability jet

entering the compartment (T) (the negative sign indicates that
it is actually leaving), Newton's Second Law may be applied
to the How from (T) to (2) in Fig. 6 to give

(pi - (27)

where V\ and V^ are the average velocities of the flow 7^31
before and after underfeed, respectively. Therefore 7% =
—Wa3i/Z2'P/i and Fa = —m^i/^rp^. Putting these expressions
for Fi and T^2 into Eq. (27) gives an equation for m«3i which
may be solved to give

1/2

(28)

Needless to say, this equation is approximate, and it would
have been equally acceptable to have applied Bernoulli's
equation to the flow between regions (T) and ® in Fig. 6.
This would have led to a different expression for m î/i?^ ,̂
but it is found that there is no great difference between the two
results. Moreover, since the stability jets operate in the
undeifeeding state only when the craft incidence is a large
fraction (X large) of the maximum possible incidence at a
given hoverheight, this difference will not affect the calcula-
tions over the initial incidence range (X small).

For the longitudinal stability jets, when the craft is in-
clined in pitch only, there will be no pressure differential, and
so the appropriate value of ^ is infinity; g(^) = 2^ for ^ = °o.
The mass Sows m,i and m»2 through the front and rear parts,
respectively, of the longitudinal stability jets, therefore are
given by

(29)

Fig. 6 Section of
transverse stability

jet.
6h
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to be small. Similarly, the lift on the base of the craft is

5 6

Nond i m e n s i o n a l hove r h e i g h t p a r a m e t e r x

Fig. 7 Values of p/H for balanced jet.

Evaluation of /+ and /_

For a rectangular craft with symmetry about both the
transverse and longitudinal stability jets, the incidence is
measured in terms of a quantity X where the hoverheight at
the low end of the craft is h(l — X) and that at the high end
is h(l + X ) ; X can take any value in the range — 1<X<1,
and intervals of 0.2 have been found to be adequate. The
kernel of the integral in Eq. (22) can be plotted as a function
of -rji for given 1(^/1, &/x, and X. Then I+ and 7_ are simply
the positive and negative areas, respectively, under the
curves and are evaluated easily. For the rectangular plan-
form, the calculations are particularly simple, since the graphs
of Xi against rji are made up of straight segments. The results
of the calculations are given in Fig. 5. Now Gi/x(l + cos0)
can be calculated as a function of x and {;. The procedure
adopted was to choose values of x and &. Then ^/x was
calculated and 7+, /- read off for the appropriate X. Substitu-
tion in Eq. (21) then gave the required result. Some graphs
of Gi/x(\ + cos0) are shown in Figs. 3 and 4 for x = 1, 2,
respectively. Slight differences arise for different x but they
are sufficiently small for interpolation to be simple.

Method of Solution for St. George Configuration

The iteration procedure described following is the only
method that has been found to converge with any degree of
consistency. Initial values of & and £2 are guessed, and /i, /2
are obtained from Eq. (1) and Fig. 7. The ratio ms3i/ms3 is
then using calculated Eqs. (23-25); msi/#1/2 is obtained from
Eq. (29), and Gi is then obtained readily since

G1 = (30)

and similarly for G2. For given x and 6, therefore, Gi/x(l +
cos0) can be calculated. For a chosen value of X, new values
of & and £2 then are read off the graphs of Gi/x(l + cos0)
against &/OT. The process is repeated until convergence
occurs. It is not particularly straightforward since two
variables are involved and some ingenuity is needed.

When the process has converged, /i and /2 will be known.
The nose-up moment about the pitch axis (line BD in Fig. 1)
then is given by

M =
(31)

if momentum lift due to the direct thrust of the jets is ne-
glected. Since the mass flow rate through the nozzles also is
readily calculated in terms of £1 and £2, the contribution of the
momentum lift to M is obtained readily and usually is found

(32)

The percentage shift N of the center of pressure, based on the
length Z, therefore is given by

N = Moment X 100%/Lift X Z =

h/2) (33)
using Eqs. (31) and (32). Now this value of N corresponds
to a given x and X. The calculations therefore are repeated
for a number of values of x and X, and it is found that, for
X < 0.4 or so, the graphs of N against X are linear. The
maximum pitch displacement for a rectangular craft is «max =
2h/l rad, where h is the hoverheight at station 77; = 0. The
actual incidence for given X is therefore

= 360 X h/irl deg (34)

In view of the fact that the graphs of N against X are linear
for small X, the pitch stiffness expressed as a percentage shift
of the center of pressure (based on the length I) per degree of
incidence change is

a = N/a = TrAT/360 X (h/l)

ah/I = TrA/7360 X
(35)

where N/X is a constant. The theory therefore indicates
that ah/1 will be a function of x alone for a given geometry.
It is found that the dependence on the jet angle 0 is small
provided that 0 < 60° or so. If we plot ah/I against x, there-
fore, the same results should be obtained for all sizes of craft
with similar geometry. Figure 8 shows some theoretical and
experimental results for a rectangular craft of aspect ratio
A = 2 in pitch. The experimental points relate to craft that
differ in many ways from this aspect ratio and the rectangular
planform. In view of this, the agreement between theory and
experiment is encouraging. Figure 8 also shows the results
for the same craft in roll, for which the aspect ratio is effec-
tively A = -J. It is seen that the effect of aspect ratio, like
that of the jet angle 0, is small.

Conclusions

A theory has been developed which relates the macroscopic
behavior of a three-dimensional peripheral jet GEM in pitch
and roll to the characteristics of the peripheral and stability
jets, which may be obtained from two-dimensional experi-
ments. The available data do not contradict the theory, but
the scatter is so great that further data are clearly required.
The development of the theory also has brought to light a
serious gap in our understanding of the quantitative behavior
of two-dimensional jets operating in the unbalanced state.
A framework has been established which should assist in the
interpretation of any experimental data that may become
available.

Appendix A: The Balanced Jet

The simplest form of jet is that issuing from a double-
walled, parallel sided (or very slightly convergent) nozzle.
In the balanced state, there is no net flow into, or out of, the
cushion of relatively high-pressure air maintained by the jet.
The value of p/H, where p is the cushion static pressure re-
ferred to atmospheric pressure as datum, and H is the total
head of the air issuing from the nozzle referred to the same
datum, is found to depend primarily on x = h/t(l + cosfl),
where h is the hoverheight, t the jet thickness, and 0 is the
nozzle angle relative to the horizontal on the low-pressure side
of the jet1.2.11"13; p/H also depends very slightly on the size
and geometry of the cushion by virtue of the effects of entrain-
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merit and cushion vorticity, but these effects are not isolated
easily. They are, however, usually small. The other
parameter on which p/H depends is the Reynolds number
Vt/v, where V is the nozzle velocity of the jet and v the
kinematic viscosity of the fluid. For values in excess of 20r
000 or so, based on a mean velocity, the jet Reynolds number
is found in practice to have little effect. The ratios m/St-
(pH)1/2 and m/St(pp)l/"2, where m is the mass flow through the
nozzle and S the nozzle length, are nondimensional also and
depend primarily on x and secondarily on entrainment and jet
Reynolds number. Graphs of p/H and m/St(pp)l!z are drawn
in Figs. 7 and 9, respectively, the experimental points being
obtained from a variety of sources and for a wide range of jet
sizes. The graph of m/SttpH)11* is not presented since it is
shown readily that

3 , 0

g(x) = (Al)
where f(x] = p/H, 7(3) = m/St(pp)112, and g(x) = m/St-
(p//)1/2. It should be noted that both p and H refer to at-
mospheric pressure as datum in this instance. It is also of in-
terest to note that, although no theoretical justification is
known, f(x) and j ( x ) can be represented with good accuracy
by the following very simple empirical relationships:

(A2)

(A3)

( 5 x / 4 ) '

u npu b S is hed d a t a

0 ! 2 3 4 5 6
N o n d i m e n s i o n a ! h o v e r h e i g h t p a r a m e t e r x

Fig. 9 Comparison between theoretical and experimental
stiffness in pitch and roll.

Appendix B: The Splitting Jet

If a jet is stronger than is necessary to support a cushion
pressure p at hoverheight h, its curvature will be smaller than
for a balanced jet at the same hoverheight, and the jet must
split as in Fig. 2. The fraction 6 of the mass flow m from the
nozzle per unit time, which enters the high-pressure side, is
to be determined. The simplest theory available is the so-
called momentum theory. Although the velocity in the
nozzle is V( = m / p S t ) , where t is the jet thickness and S the
nozzle length, the velocity in the jet outside the nozzle will be
lower. The losses involved in the splitting process are as-
sumed to reduce the jet velocity everywhere by some factor k,
as in Fig. 2. Newton's Second Law is then applied to the
flows in the splitting process so that

pSh - (1 - b)mkV ~ bmkV + mkV cos0
(Bl)

But p/H = /(£) where £ is the effective value of x i.e., the
value of x for the balanced jet which gives the same value of

U0 ' I 2 3 4 5 6
N o n d i m e n s i o n a l h o v e r h e i g h t p a r a m e t e r x

Fig. 8 Values of m/St(p_p)l/2 for balanced jet.

p/H. We note that £ > h/t(l + cos0). It is further as-
sumed that the mass flow per unit time through the nozzle de-
pends on £ alone so that m/St(pp)lf2 = y(£) and does not
depend in any way on x = h/t(l + cos$). Equation (Bl)
may be rewritten therefore in the form

h/t = 72(Q/v(l + cos0 - 26) (B2)

If k is assumed to be unity, we recover the simplest form of
the momentum theory but, when 6 = 0, this implies that
£/72(?) = 1 because the jet is then balanced and £ = x.
However. £/72(£) ^ 1, as may readily be shown.

If, on the other hand, k is assumed to be a function of £
alone, the substitution 6 = 0 when £ = x in Eq. (B2) leads
to the simple result

k = k(£) = £/V(£) (B3)
Substitution of Eq. (B3) back into (B2) then gives

b = |(1 + cos0)(l — x/£) (B4)

applicable for £ ^ #. It is again true, unfortunately, that no
experimental data seem to be available for comparison with
Eq. (B3) and (B4). However, Eq. (B4) is seen to give 6 = 0
for x = £ as it should, and gives 6 = J(l + cos0) for £ = co;
i.e., p = 0. This is the case of a jet discharging directly to
atmospheric pressure and striking a plane wall at an angle 6
to the wall. In this case also, Eq. (B4) seems to give a satis-
factory result. For example, 9 = 90° for 6 = J, and 0 = 0
for 6 = 1. Until experimental data are available, it will be
necessary to find some theoretical relationship between 6, £, 0?
and x. Equation (B4) represents the simplest known rela-
tion.
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Strength Margins for Combined Random Stresses
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Statistical mechanics procedures are widely used in the aerospace industry to analyze the
effects of random loading on flight vehicles. Although existing procedures give the struc-
tures analyst considerable knowledge of the loads to which various parts of the vehicle are
subjected, they do not provide a usable procedure for evaluating the structural strength of
an element for combined random stresses. A procedure is derived herein, which permits a
determination of the number of times per unit time that various strength margin levels are
exceeded for combined random stresses.

Nomenclature

x, £ = shear stress, psi
y, f = axial stress, psi
XQ> so, 2/o, /o = steady stress values, shear and axial stress,

respectively, psi
F% = allowable shear stress, psi
Ft, Fc = allowable ax^l stress, psi
z = stress vector, xi + yj
z = stress velocity vector, ai + /3j
o-t, cry, o-a, vp — root mean square values (standard deviations)

for x, y, a, and /8, respectively
$3(0)), $y(co) = power spectral density functions for random

process x ( t ) and y(i), respectively
&xy(<Ji) — cross power spectral density function for x ( t )

and y ( t )
co = circular frequency, rad/sec
p = correlation coefficient for x ( t ) and y(l)
a, 13 = time rate of change of x and y, respectively
p ( x ) , p(y] = probability densities of x arid y
p(x, y} = joint probability density of x arid y
f ( x , a, y, /3) = probability density of x, a, y, (3
MS — margin of safety
P(MS < 0) = probability that MS is less than zero, or percent

' time that MS is less than zero
P(MS ^ 0) = probability that MS is greater than or equal to

zero
C = a curve on the xy plane
N = unit vector normal on C
[ ] — column matrix
L j = row matrix
Nc = crossings of an arbitrary curve/sec or /ft

traveled
<TW

 = root mean square gust velocity, fps
f ( 0 w ) = probability density distribution of <rw
V = velocity, fps
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G = expected exceedances of limit design strength/
hr

A = root mean square stress response for aw of
unity, psi/fps

NQ = number of times/unit time or distance that a
time-history crosses its mean value with
positive or negative slope

Introduction

THE strengths of various structural elements in aircraft
and aerospace vehicles are usually defined in terms of a

stress interaction function or interaction diagram such as
that shown in Fig. 1. This type of diagram shows the various
combinations of stresses which would cause the structural
element to fail. Any combination of stresses within the
envelope is allowable.

When a flight vehicle is subjected to random loading, such
as continuous atmospheric turbulence, buffeting, a turbulent
boundary layer, or engine noise, random stress components
are generated in the various structural elements. It is im-
portant for the structures engineer to know7 the expected
number of years, hours, or minutes that the structural element
can sustain the combined random stresses before the strength
is exceeded.

Development of the Procedure

Joint Probability Approach

For purposes of illustration, let us consider two stress com-
ponents, axial stress and shear stress, on a segment of a
stiffened skin panel, as shown in Fig. 1. Further, let us
assume that each stress time-history is statistically stationary
and has a Gaussian probability distribution when sampled at
equal increments of time. If the time-histories were sta-
tistically independent, that is, if there were no correlation

.between them, their joint probability density function would


